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through carefully sized holes in the central air distribution
pipe. Because of the decreasing air velocity down the dis-
tribution pipe, varying from a maximum at the inlet end down
to zero at the opposite end, a significant static pressure gra-
dient is established along the pipe relative to the pressure drop
through the matrix. This effect is compensated for by vary-
ing the hole size along the length of the pipe. The final design
employs 1200 holes in the 3j-in.-diam distribution pipe, lo-
cated approximately on f-in. centers, and varying from
0.136-in.-diam at the inlet end to 0.104-in.-diam at the exit
end. A static pressure gradient in the outer air flow annulus
is avoided by tapering the outside of the matrix so as to
maintain a near-constant flow velocity in this passage.

The heating element is a Nichrome V ribbon strung through
the bed in three sections, and is designed for direct connection
to a three-phase 220-v power line. The heating element is
designed to provide a maximum heating time from ambient to
2200 °R of 2 hr, without exceeding the element temperature
limit of 2600°R. The total power input is 40 kw.

The insulation material used to protect the heat exchanger
shell is l-in.-thick Cerefelt CRF600, a Johns-Manville ceramic
fiber felt material that is readily formable when wet, but rela-
tively rigid when dry. It is held in place with a Nichrome
wire screen. The equilibrium temperature of the heat ex-
changer surface is approximately 350 °F for an internal tem-
perature of 1800°F, and an ambient temperature of 70°F.

System Performance

Since the facility was completed in June 1967, it has been
used for 27 rocket test firings. In addition, approximately 40
"air-only" tests have been performed for checkout and cali-
bration purposes. In all of this testing only two failures have
occurred. One of these resulted from some apparently faulty
parts in the pressure regulator, the other failure was in the
ceramic supports for the Nichrome heating element. The
support sj^stem was subsequently redesigned, and no further
difficulties have been experienced.

The air temperature distribution at the entrance to the test
section was measured in a series of tests with 12 uniformly
distributed, fast response thermocouples. A slight vertically
oriented nonuniformity was noted which is attributed to con-
vection currents in the pebble bed during the heating cycle.
An additional nonuniformity, particularly during the first
second of operation, is caused by heat transfer to the plenum
walls and rocket motor housing. After the first second, the
standard deviation of the 12 thermocouples is generally less
than 20°F, which is considered satisfactory. For the rocket
motor firings, the 12 thermocouple outputs are averaged to-
gether electrically, and recorded on a single channel.

Because of the transient nature of the tests and the location
of the air flow nozzle upstream of the heat exchanger, a cor-
rection is necessary to obtain the air flow rate at the test sec-
tion. This correction is equal to the rate of accumulation of
air within the heat exchanger and plenum, and is determined
from the known volumes and the measured rates of change of
air temperature and pressure. The magnitude of this cor-
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Fig. 3 Typical performance data.

rection varies up to 5%. An additional correction, obtained
from Ref. 2, for the real gas effects in the flow nozzle is also
applied. These corrections have been verified in a series of
tests in which the test section was replaced with another criti-
cal flow nozzle. With the preceding corrections applied, the
two flow rates agree within 1% after the initial starting tran-
sient of about 1 sec.

Initial tests disclosed a severe "ringing" of the thrust mea-
suring system, i.e., poorly-damped oscillations in response to
impulsive thrust forces. This was improved to an accept-
able level by means of felt pads isolating the air storage
bottles and heat exchanger from the thrust stand bed. Ring-
ing time was reduced to about \ sec.

Typical data from two test firings are shown in Fig. 3.
Test A-6 illustrates operation at a high air temperature and
moderate air flow rate, simulating Mach 3.9 at 20,000 ft alti-
tude. Test A-25 shows operation at a high air flow rate (the
facility's limit) and a moderate temperature.

Conclusions

The facility fulfils its design objectives and provides, at a
very low cost, a capability for testing small- to medium-scale
air-augmented rocket systems up to Mach 4 with clean air
and with a highly reliable and accurate thrust measurement.
It is believed that this combination of desirable attributes is
not obtainable with any other type of system.
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Thermal Stresses in Hollow Graphite
Cylinders with Asymmetric Heating
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I. Analysis

THERMAL stresses in anisotropic hollow cylinders due to
axisymmetric temperature distribution have been in-

vestigated during the last few years for application of rocket
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Table 1 Numerical examples for graphites

Grade ATJ Grade ZTA

Er = Ee, 106 psi
Ez, 106 psi
Vzr
Vr6
ar = ae, 10~V°C«2, io-6/°c
vr

a as 90 (tension), psi
^r as VQ (compression), psi

1.40
1.15
0.11
0.11
2.3
3.5

3260
8330

2.76
0.76
0.2
0.2
0.6
9.0

4380
7100

o ar = £0 = fracture stress.

nozzles or re-entry vehicles.1"5 However, there are situations
where the cylinder will be subjected to one-sided aerodynamic
heating, e.g., due to a re-entry maneuver within the atmo-
sphere.6 The purpose of this Note is to analyze stresses of
aniso tropic hollow cylinders subjected to asymmetric tem-
perature distribution, which may be induced by a steady-state
one-sided aerodynamic heating. The analysis is based on
the following simplifying assumptions: 1) infinitesimal elas-
ticity theory neglecting effects of coupling and inertia7; 2)
stress-strain relations obey generalized Hooke's Law; 3)
the materials are transversely-isotropic (for example, graphite
materials) ; 4) the principal axes of anisotropy coincide with
the principal axes of the cylinder; 5) temperature distribu-
tion can be expressed as Fourier series; 6) the condition of
plane strain is used; and 7) material parameters are constant.

With these assumptions, the displacement-stress relations
in polar coordinates are given as follows8-9:

(1)u/r = 0i2ov +

— v/r =

with

ij = 1,2
(2)

where u and v are displacement components in r and 6 direc-
tions, respectively, oti is thermal expansion coefficient, and
<n is stress.

The coefficients of a»/ in terms of technical constants are
given by8

= a22 =

(3)

where the indices 1, 2, 3 are referred to r, 0, z directions, re-
spectively, in cylindrical coordinates; ]Ei and E$ are the
Young's moduli (for tension-compression) in plane and axial
directions; *>i3 is the Poisson's ratio which characterizes the
compression in the direction z for in-plane tension and so forth;
(j12 is the in-plane shear modulus. Introducing the stress
function F such that

(4)

the equations of equilibrium will be automatically satisfied.
The displacement components u and v in Eqs. (1) can be
eliminated by differentiation and combination, and, due to
the in-plane isetropy, relation, exists among fin, ft2, and Gn,

that is,10

The equation of compatability in terms of stress function F
can, therefore, be simplified to the following form:

0 (6)

with Ka = ai3/fti, where V4 and V2 are the two-dimensional
biharmonic and harmonic operators, respectively. Equation
(6) has the same form as the compatability condition of iso-
tropic material except that the constant Ka is different.
Substitution of Eqs.. (2) and (3) yields

[(Oil

For isotropic material, if we let *>i
then Eq. (7) may be simplified to

= v, and

aE/(l - p)

(7)

E,

(8)

where the subscripts a and i denote anisotropic and isotropic
materials, respectively.

The boundary conditions and MichelPs conditions7?10 for
multiply connected cross sections are essentially the same as
isotropic case with Ki replaced by Ka. The temperature
distribution due to steady-state, one-sided heating will
satisfy the following known equation:

= 0

Observe that the stress formulation of transversely isotropic
cylinders here, i.e., Eqs. (6) and (9), are identical with that of
isotropic cylinders except the contant Ka given by expression
(7) is different from the isotropic material Ki in expression
(8). Hence, the solution of isotropic material7 may be used
here with the replacement of Ki with Ka. It is convenient to
express both the temperature and the stress function in terms
of Fourier's series, and, it has been shown7 that due to the
restriction of MichelPs conditions, all the higher harmonics of
the plane temperature distribution do not contribute to
thermal stresses [and noting that the constant as well as the
linear temperature distributions (in x = r cos0, or in y = r
sin0) has no contribution in stresses and can be neglected].
Hence, the plane-harmonic temperature distribution which
satisfies Eq. (9) has the following form:

T(r,B) log(r/a) + AQ cos0/r + B0 sin0/r (10)

where T0, A0 and B0 are constants.
Finally, the in-plane stresses caused by plane-harmonic

temperature distribution for transversely isotropic cylinders
with inside radius a and outside radius 6, and with traction-
free boundary conditions, are given by

(62 - a2)

r(l - a2/r2)(l - cos0 + BQ sing)
2(a2

r(A0 cos0 + BQ sin0) [3 - (a2 + fr2) A2 - a262/r4] \
2(a2+62) I ( }

Kar(l - a2/r2)(l - b2/r*)(A<> sin0 - BQ cos0)
Tre ~ 2(a2 + 62)

The displacement components u and v may be obtained by
integration of Eqs. (1), after the substitution of expressions
(11) into it.
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II. Numerical Examples and Conclusions

Observe that all the in-plane stresses in expressions (11) are
proportional to the constants Ka for anisotropic, and Ki for
isotropic case. In order to demonstrate the significance of the
present analysis, for the same given temperature distribution,
the stresses obtained for the transversely isotropic material
will be compared to the stresses using in-plane material prop-
erties for the isotropic case. This is equivalent to the com-
puting of the Ka/Ki ratio. Numerical examples will be given
for two different graphites; their properties are given in
Table I4:

From expressions (7) and (8) the Ka/Ki ratio may be
written as follows:

Ka/Ki = (Or + Cizvzr}(\ - Vr6)/Ctr(l ~ wj (12)

The stress ratio Ka/Ki for grade ATJ and grade ZTA graph-
ites are obtained by inserting numerical values from Table 1
into expression (12), that is,

grade ATJ
grade ATJ

i =1.045

i = 3.78
It can be seen that the Ka/Ki ratio depends strongly on the
two coefficients of the linear thermal expansion ar and az.
The anisotropy in thermal expansion for grade ATJ graphite
is small; hence the stress ratio Ka/Ki shows no significant de-
viation from unity. However, the anisotropy in thermal ex-
pansion for grade ZTA is very large, and the stress ratio is
almost 4.

For re-entry vehicles maneuvering within the atmosphere,
due to the uneven aerodynamic heating, the temperature on
one side of the cylinder can be heated up to several thousand
degrees of Farenheit, whereas the temperature on the other
side can be just several hundred degrees Farenheit. And
significant thermal stresses will be induced by asymmetric
heating. An arbitrary numerical example will be given here.
The temperatures on the outside of the cylinder are assumed
to be 4500°F on the hot side and 200°F on the cool side; on
the inside of the cylinder the corresponding high and low
temperatures are assumed to be 200 °F and 100°F, respec-
tively. The dimensions of the cylinder are taken as a =
3 in., b = 4 in. The maximum tensile and compressive
tangential stresses located on the cool and hot side of the
cylinder can be calculated for ZTA graphite by using isotropic
analysis:

(0-0) max. tens. = 1700 psi

(0-0) max. comp. = 1900 psi

which is below the fracture stresses given in Table 1. How-
ever, when anisotropy is taken into account, the maximum
tangential stresses become

(o-g) max. tens. = (3.78) X (1700) = 6400 psi

(o-0) max. comp. = (3.78) X (1900) = 7200 psi

which exceed the given fracture stresses in Table 1 and
catastrophe will occur to the cylinder.

It can be concluded that for materials with very large
anisotropy in thermal expansion, the stresses obtained in the
present analysis could be several times higher than those by
using assumption of isotropic materials. Hence, thermal
stresses are important design considerations for graphite ma-
terials with large anisotropy in thermal expansions.
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Linear Attitude Programs Applied to
the Guidance of European Space

Vehicles, and Comparison with the
Optimal Control Law
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Belgium

Nomenclature

k,m = mass flow rate and mass, respectively
r, v = magnitudes of position and velocity vectors, respectively
T = thrust
Xj} Vj = jth (j = 1,2) components of position and velocity vec-

tors, respectively
VT = radial velocity
a = control angle, angle between the thrust vector and the

the axis oxi, «i = a, a2 = ?r/2 — a
B — polar argument, angle between ox\ and position vector
/*o = gravitation constant
$ = control angle, angle between position and thrust vectors
co = angular velocity
\J/ = control angle

Subscripts
i = initial state
/ = final conditions at burnout of upper stage

Introduction

IN the course of trajectory studies conducted at Groupe
d'Etudes de Technologie Spatiale (G.E.T.S.), it appeared

that small deviations of the control program from the optimal
control derived from Pontryagin's principle had practically
no effect on the trajectory and implied minor propellant
penalties to achieve the final orbit. With the use of inertial
guidance in view, this observation has been elaborated to
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